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Introduction
Let fUðtÞg t40 be a C 0 -semigroup of bi-contractions on a Krein space K: In Section 3, we pose the following question: When is this semigroup similar to a semigroup of contractions in a Hilbert space? More specifically: When does there exist a C 0 -semigroup fV ðtÞg t40 of contractions on a Hilbert space H and a bounded and boundedly invertible operator S : K-H (a similarity operator for short) such that UðtÞ ¼ S À1 V ðtÞS for all t40? Similarity is of interest because it preserves spectral properties. Theorem 3.4 and the remark following it provide various answers. They can be seen as generalizations of results in [ABDJ] where the same question is studied for a single bi-contraction. One necessary and sufficient condition is analytic: the semigroup must be uniformly bounded, that is,
another is more geometric and in terms of a direct sum decomposition of K into an invariant maximal uniformly positive and an invariant maximal uniformly negative subspace. Here invariant means invariant under UðtÞ for every t40: Assuming these necessary and sufficient conditions we consider in Sections 4 and 5 additional conditions which give rise to other decompositions of K into invariant regular subspaces.
In Section 4, we assume additionally that for some t 0 40; Uðt 0 Þ belongs to the class H; this class is defined at the beginning of the section. The assumption presented itself quite naturally, when it turned out (see Proposition 4.2) that there actually exists a decomposable bi-contraction X from the class H which commutes with each UðtÞ: The assumption then is that X coincides with Uðt 0 Þ: The main result in Section 4 is Theorem 4.4: K contains an invariant subspace P which, if not equal to f0g; is the orthogonal sum of finitely many invariant Pontryagin or anti-Pontryagin subspaces on which each UðtÞ is unitary. The orthogonal complement K~P is also invariant and Theorem 3.4 can be applied. In this case the direct sum decomposition of K~P into an invariant maximal uniformly positive and an invariant maximal uniformly negative subspace is unique.
In Section 5, we assume additionally that the set sðAÞ-iR is countable, where A is the generator of the semigroup. The main result here is Theorem 5.1: One of the summands in the decomposition of K into invariant subspaces is a Hilbert space on which the semigroup is stable, that is, strongly converges to 0 when t-N: In Theorem 5.3, we assume that the semigroup has a strong limit when t-N; one of the consequences is that K contains an invariant maximal uniformly negative subspace on which each UðtÞ acts as the identity.
Section 6 stands out from the other sections. Here we do not prove statements about invariant subspaces for uniformly bounded C 0 -semigroups. The uniform boundedness of a C 0 -semigroup fUðtÞg t40 is equivalent to one of the UðtÞ's (and then all of them) being power bounded; see Lemma 3.1. The question we are concerned with in Section 6 is: Is the power boundedness of each member of the C 0 -semigroup carried over to its co-generator? Necessary and sufficient conditions for an operator A to be the generator of a uniformly bounded C 0 -semigroup are well known and recalled at the beginning of Section 3. Here we deal with the co-generator. It is sufficient to study the question in a Hilbert space environment. The answer to the question is: yes, if the generator is bounded, and yes, if the generator is invertible and the inverse is also the generator of a uniformly bounded C 0 -semigroup. See Theorems 6.1 and 6.2. The latter theorem was obtained independently by Gomilko (private communication) . The question if uniform boundedness of a C 0 -semigroup implies power boundness of its co-generator without any assumptions on its generator is still open.
In Section 2, we consider two commuting bi-contractions T 1 and T 2 on a Krein space K and prove that if they are power bounded then K contains a maximal uniformly positive subspace and a maximal uniformly negative subspace which are invariant under T 1 and T 2 : See Theorem 2.2, which is the main result of Section 2. We also prove a generalization of a result of Ando [A1] to a Krein space setting. This is Proposition 2.3 and it states that T 1 and T 2 have unitary dilations which also commute. In the proofs of Theorem 2.2 and Proposition 2.3 we use two lemmas, Lemmas 2.1 and 2.4 about the existence of commuting isometric dilations of T 1 and T 2 and the existence of commuting unitary extensions of these dilations, respectively. They are indefinite versions of the corresponding Hilbert space results, see [SNF, Theorem 1.6 .1 and Proposition 1.6.2] and the original sources mentioned there. In our proof of Proposition 2.3 we follow the proof of [SNF, Theorem 1.6.4] .
Theorem 2.2 provides the basis for the proof of Theorem 3.4, which as mentioned above is the main theorem of Section 3. The basic results about semigroups, generators and co-generators briefly recalled at the beginning of this section. We frequently refer to the standard book [HPh] . In this section also we prove some Krein space results such as Propositions 3.2 and 3.3, which are well-known for Hilbert spaces. The class of operators with property H considered in Section 4 is extensively studied in [AI] and for the results we use but do not prove, we refer to this book. The main result of Section 5, Theorem 5.1, is actually a corollary of [AB, Corollary 2.6] . In [AB] semigroups are studied in normed spaces; we specialize to a Krein space. Finally, we mention that the proofs of the two theorems in Section 6 are based on integral estimates on the norms of powers of the resolvent of the generator and the norms of powers of the co-generator of a C 0 -semigroup proved by Gomilko [G1,G2] .
We mention some recent papers dealing with C 0 -semigroups of operators on a space with an indefinite metric: Kuzhel [K2,K3] considers such semigroups in connection with Lax-Phillips scattering in Pontryagin spaces. Vesenti [V2] proves the existence of a strongly continuous semigroup of contractions on a Pontryagin space whose generator is a given maximal dissipative operator. Chen [C] shows that a C 0 -semigroup of contractions on a Pontryagin space admits a dilation to a C 0 -semigroup of unitary operators and investigates the connection between the generators of these semigroups. J-unitary dilations also appear in [K1] . Finally, in [KRS, V1] semigroups on Krein spaces are used in connection with fractional linear transformations.
We assume that the reader is familiar with the geometry of indefinite inner product spaces and the corresponding operator theory; see the books [AI,Bo,IKL] and also [A2, DR] . We briefly recall some of the notions, also in order to make clear the notations used in this paper. A Krein space fK; ½Á; Ág is a complex linear space with an inner product ½Á; Á such that K admits a fundamental decomposition K ¼ K þ "K À in which fK 7 ; 7½Á; Ág are Hilbert spaces and K þ >K À : The positive/ negative index :¼ dim K 7 is independent of such decompositions. In this note a Pontryagin space is a Krein space with a finite negative index, an anti-Pontryagin space is a Krein space with a finite positive index.
Square brackets will denote the (generally) indefinite inner product on a Krein space, which if not specified otherwise, is denoted by K:
where P 7 is the orthogonal projection onto K 7 ; is called the associated fundamental symmetry. The Hilbert space J-inner products ðÁ; ÁÞ :¼ ½JÁ; Á which depend on J; give rise to equivalent norms jj Á jj; and by definition K is endowed with this norm topology. Whenever we use an inner product with brackets or a norm on K we tacitly assume that this is one of these inner products and norms associated with a prefixed fundamental symmetry, denoted by J; on K:
By definition a contraction T on a Krein space K is a bounded operator T on K with the property that ½Tx; Txp½x; x for all xAK: A bi-contraction T on K is a contraction whose adjoint T Ã is a contraction also. In this paper a dissipative operator A on K is a closed densely defined operator A for which Re½Ax; xp0; xA dom A: In [ABDJ] we used a different definition (namely Im ½Ax; xX0Þ: In the paper we use dilations of operators as considered in for example [GGK,N] ; for a discussion of dilations in a Krein space setting we refer to [DR] .
In the sequel R and C are the sets of real and complex numbers, D is the open unit disk, and T is the unit circle. The closure of a set S is denoted by % S: The sum, the direct sum and the orthogonal sum are indicated by +, 6 and "; respectively;m eans the orthogonal difference. sðTÞ and s p ðTÞ stand for the spectrum and the point spectrum of an operator T: The adjoint of an operator A on a Krein or Hilbert space and the adjoint of a matrix A will be denoted by A Ã ; the complex conjugate of a complex number l will also be denoted by l Ã :
Invariant subspaces for two commuting bi-contractions
In this section we prove that two commuting power bounded bi-contractions on a Krein space have an invariant maximal uniformly positive and an invariant maximal uniformly negative subspace in common. See Theorem 2.2, which is the main result of this section. In the next section we apply this theorem to obtain some similarity results for uniformly bounded C 0 -semigroups of bi-contractions. We also prove a Krein space version of Ando's theorem in Ando [A1] (or [SNF, Theorem 1.6 .4]), see Proposition 2.3 below, which is of independent interest. In the proofs of Theorem 2.2 and Proposition 2.3 we use two lemmas which are Krein space analogs of [SNF, Theorem 1.6 .1 and Proposition 1.6.2]. Their proofs are similar to their Hilbert space counterparts.
Lemma 2.1. For each i ¼ 1; 2; let T i be a contraction on a Krein space K and assume T 1 T 2 ¼ T 2 T 1 : Then there are a Hilbert space F and for each i an isometric dilation V i
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of T i on the Krein space f K K :¼ K"F:
If the T i 's are bi-contractive or power bounded and bicontractive then the V i 's can be chosen to be bi-contractive or power bounded and bicontractive also.
Here and below Ã in a matrix representation stands for an operator which does not play a role in the discussion and does not need to be specified any further.
Proof of Lemma 2.1. Denote the inner product on the Krein space K; by ½Á; Á and fix a fundamental symmetry J on K: Let fH; ðÁ; ÁÞg be the Hilbert space with H ¼ K as linear manifolds and ðx; yÞ ¼ ½Jx; y; x; yAK: Define the Hilbert space F by
and define the Krein space f K K as in the lemma. For each i ¼ 1; 2; let D T i be the defect operator of T i on H:
Then the operator W i defined by
is an isometry on f K K: We identify f K K with the space K"E"E"? where E is the Hilbert space where U is a unitary operator on E which we define in two steps as follows.
(i) First we define U on the linear manifold
by the formula From the equalities
we see that U is a well-defined isometric operator on L: We extend U by continuity to the closure % L of L; we denote this extension also by U: Then UL ¼ UL: (ii) We extend U to a unitary operator from E onto itself by defining its action from L > onto ðULÞ > : To that end we first show that these spaces have the same dimension. If H is finite dimensional, then so is E and since U is an isometry, dim Now choose an orthonormal basis fe i g of the subspace L > and an orthonormal basis ff i g of the subspace ðULÞ > and extend U by linearity and continuity to an isometric operator on all of E by setting Uei ¼ f i : Equality (2.1) implies that U is unitary.
Having defined the unitary operator e U U on f K K we set V 1 :¼ e U UW 1 and V 2 :¼ W 2 e U U À1 : Then V 1 and V 2 are isometric dilations of T 1 and T 2 ; respectively, and
The statement about the bi-contractive property follows from the fact that a contraction on a Krein space is a bi-contraction if and only if it maps a maximal uniformly negative subspace onto a maximal uniformly negative subspace (see, for example, [DR, Theorem 1.3.6] ). For a proof of the statement concerning power boundedness we refer to the proof of [ABDJ, Theorem 2.5] . & We now come to the main theorem of this section. It will be used in the proof of Theorem 3.4. It was shown in [ABDJ, Theorem 2.10 ] that if T is a bi-contraction in a Krein space K then it is power bounded if and only if there exist a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À which are invariant under T and such that Tj L À is power bounded on L À : Since T is a bi-contraction we have moreover that TL À ¼ L À and the restriction Tj L À is a bijection onto L À (see, for example, [DR, Theorem 1.3, 6] ). The following theorem shows that if T 1 and T 2 are power-bounded bi-contractions which commute with each other then these invariant subspaces can be chosen to be the same.
Theorem 2.2. For each i ¼ 1; 2; let T i be a power-bounded bi-contraction on a Krein space K and assume T 1 T 2 ¼ T 2 T 1 : Then there exist a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À which are invariant under T 1 and T 2 :
Proof. Let V 1 and V 2 : f K K/ f K K be power-bounded bi-contractive isometric dilations of T 1 and T 2 ; respectively, such that V 1 V 2 ¼ V 2 V 1 and f K K~K is a Hilbert space. By Lemma 2.1 such dilations exist. For each i ¼ 1; 2; consider the linear spaces
As shown in the proof of [ABDJ, Theorem 2.10], RðV i Þ is a Krein subspace, LðV i Þ is a Hilbert subspace of f K K; and both spaces are invariant under V i : In fact, besides
ð2:2Þ
We claim that f K K contains a maximal uniformly negative subspace f L L À which is invariant under V 1 and V 2 : To see this we consider two cases.
(
are two commuting unitary operators on the Krein space RðV 2 Þ: By Phillips' theorem (see [Ph] and also [AI, Section 2, Corollary 5.20]), RðV 2 Þ and then also f K K contain a maximal uniformly negative W i -invariant subspace which we denote by
(ii) Assume V 1 is not unitary. Then the claim follows from (i) applied to the unitary operator V 1 j RðV 1 Þ and the isometry V 2 j RðV 1 Þ on the Krein space RðV 1 Þ and the fact that, since LðV 1 Þ is a Hilbert space, any maximal uniformly negative subspace of RðV 1 Þ is a maximal uniformly negative subspace of f K K: This completes the proof of the claim.
Denote by e P P the projection in f K K onto K: Since f K K~K is a Hilbert space and by [ABDJ, Lemma 2 Proposition 2.3. For each i ¼ 1; 2; let T i be a bi-contraction on a Krein space K and assume T 1 T 2 ¼ T 2 T 1 : Then there are a Hilbert space H and for each i a unitary dilation U i of T i on the Krein space f K K :¼ K"H:
We follow the proof [SNF, Theorem 1.6 .4] and base the proof of this proposition on Lemma 2.1 and the following lemma.
Lemma 2.4. For each i ¼ 1; 2; let V i be a bi-contractive isometry on a Krein space K and assume V 1 V 2 ¼ V 2 V 1 : Then there exist a Hilbert space G and for each i a unitary extension U i of V i on the Krein space c K K :¼ K"G:
If the V i 's are power bounded, then the U i 's can be chosen to be power bounded also.
Proof. Since V 1 is a bi-contraction, there is a unitary extension U 1 of V 1 on a Krein space c K K*K such that c K K~K is a Hilbert space and U 1 is minimal, which means that We denote the inner product on K as well as on c K K by ½Á; Á: For f ; g; AK and n; mAZ we have
ð2:3Þ
Indeed, for nXm we have
the case nom can be proved by taking adjoints. In the following we denote by P 0 n an arbitrary sum over finitely many nAZ: Let M be the linear manifold in c K K defined by
It follows from (2.3) that (we use graph notation now)
is an isometric relation on M: To see that U 0 2 is an operator we need to verify
Assume the equality on the left-hand side and let NAN be so large that for all indices n in this finite sum for which ka0; we have n þ NX0: Then
2 is a densely defined isometric operator. Moreover, as V 2 is a bi-contraction and the restriction of U 0 2 to K coincides with V 2 : U 0 2 j K ¼ V 2 ; we see that dom U 0 2 contains maximal uniformly negative subspaces of c K K (namely those of K) whose image under U 0 2 are also maximal uniformly negative subspaces of c K K: It follows (see [I] , and also [AI, Theorem 2.4 .6]) that U 0 2 can be extended by continuity to a bounded bi-contractive isometric operator on all of c K K; we denote this extension by U 0 2 also. For all kAK and nAZ we have
which, because of the minimality of U 1 ; implies that 
where F and G are Hilbert spaces. The matrix representation shows that U i is a unitary dilation of T i on K"H with H ¼ F"G: Lemmas 2.1 and 2.4 imply that U 1 and U 2 commute. &
Similarity and C 0 -semigroups
The similarity theorem we prove in this section generalizes [ABDJ, Theorem 2.10], which concerns only one power-bounded bi-contraction, to a uniformly bounded C 0 -semigroup of bi-contractions in a Krein space.
First we recall some definitions related to a semigroup fUðtÞg t40 of bounded operators UðtÞ on a Hilbert space fH; ðÁ; ÁÞg: The semigroup is called a C 0 -semigroup if it is strongly continuous in tAð0; NÞ and the strong limit Uð0Þ :¼ s À lim t-0 UðtÞ exists and Uð0Þ
UðtÞ À I t x; xAdom A;
is a closed densely defined operator. Conversely, if A is a densely defined operator with this property, then it is the generator of a C 0 -semigroup such that (3.1) holds. If op0 then the semigroup is called uniformly bounded. We recall the following result.
Lemma 3.1. A C 0 -semigroup fUðtÞg t40 on a Hilbert space is uniformly bounded if and only if for some (and then for all) t40; UðtÞ is power bounded.
Proof. If the semigroup is uniformly bounded, then for any t40; UðtÞ n ¼ UðntÞ; nAN; and from (3.1) with op0 it follows that UðtÞ is power bounded. Assume that for t 0 40 the operator Uðt 0 Þ is power bounded:
À1 is a bounded operator called the co-generator of the C 0 -semigroup.
In a Krein space fK; ½Á; Ág these notions also make sense provided we fix a fundamental symmetry J on the space and consider the corresponding Hilbert space inner product ðÁ; ÁÞ ¼ ½JÁ; Á and norm jj Á jj: This we shall do without saying this explicitly each time, as in the following proposition whose proof is similar to the proof of its Hilbert space version. Proposition 3.2. Let fUðtÞg t40 be a C 0 -semigroup of operators on a Krein space with generator A and co-generator T. Then the following statements are equivalent:
(a) For all t40; UðtÞ is a bi-contraction.
Proof. (a) ) (b): Consider the identity with xAK and t40:
ð3:3Þ
If we divide the expression on the left-hand side by t and let t-N; then for xA dom A we obtain the limit 2 Re½Ax; x: As the expression on the right-hand side is nonpositive we see that Re½Ax; xp0: Hence A is dissipative. UðtÞ Ã is also a C 0 -semigroup of bi-contractions and its generator is A Ã (this can be proved in the same way as in the Hilbert space case, see, for example, [B, Section 4, Theorem 4.3 (1) fUðtÞg t40 is uniformly bounded.
(2) There exist a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À of K which are invariant under UðtÞ for all t40 and the semigroup fUðtÞj L À g t40 is uniformly bounded on L À :
(3) fUðtÞg t40 is similar to a C 0 -semigroup of contractions in a Hilbert space.
Proof.
(1) ) (2): Fix an irrational number t 0 Að0; 1Þ and set T 1 ¼ Uð1Þ and T 2 ¼ Uðt 0 Þ: By Theorem 2.2, there are a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace
We show that these inclusions and equalities also hold with T i replaced by UðtÞ; t40: We denote by ½t the integer part of tðt À 1o½tptÞ and by ftg ¼ t À ½t the fractional part of tðftgA½0; 1ÞÞ: Then for all nAN; we have Uðnt 0 Þ ¼ T ; and hence
We claim that Uðfnt 0 gÞL þ CL þ : To see this, consider x þ AL þ and write
which shows that Uð½nt 0 Þy À ¼ 0: Since Uð½nt 0 Þ is a bi-contraction, it is a bijection on L À and therefore y À ¼ 0; that is, Uðfnt 0 gÞx þ ¼ y þ AL þ : Thus we have shown that Uðfnt 0 gÞL 7 CL 7 for all nAN: By Kronecker's theorem (see, for example, [KN] ), the set ffnt 0 g : nARg is dense in [0,1]. So, since UðtÞ is strongly continuous, UðtÞL 7 CL 7 for all tA½0; 1 and hence for all tAR: The last part of the statement in (2) follows directly from (1). Then fU À ðtÞg tAR is a group on the Hilbert space fL À ; À½Á; Ág which extends the semigroup fU À ðtÞg t40 on this space. That the group is strongly continuous follows from [HPh, Theorem 16.3.6] . Moreover, this group is uniformly bounded because, by assumption, fU À ðtÞg t40 is uniformly bounded, and because of the uniform bound À½U À ðtÞx; U À ðtÞxp À ½x; x; tp0; xAL À ; which holds since UðÀtÞ is a contraction on fL À ; ½Á; Ág: By a generalization to groups of a theorem of Sz.-Nagy (see [DK, Chapter I, Theorems 6 .2 and 6:2 0 ] and also [AI, 2.5 .18]), this group is similar to a group fV ðtÞg tAR of contractions acting in the Hilbert space fL À ; À½Á; Ág: Hence the semigroup fU ðtÞg t40 is similar to the semigroup fV ðtÞg t40 : It follows that the semigroup fUðtÞg t40 is similar to semigroup fU þ ðtÞ"V ðtÞg t40 of contractions in the Hilbert space L þ "L À equipped with the inner product (4) For some t40; UðtÞ is power bounded.
(5) For some t40; there are a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À of K which are invariant under UðtÞ and the semigroup fUðtÞjL À g t40 is power bounded.
(6) For some t40; UðtÞ is similar to a contraction in a Hilbert space. . It follows that sðAÞCflAC : Re lp0g and (3.6) holds for A with M ¼ jjSjj jjS À1 jj: As to the converse, the inclusion and the estimate (3.6) imply that A generates a uniformly bounded C 0 -semigroup (see [HPh, Theorem 12.3 .1]). By Proposition 3.2, this semigroup consists of bi-contractions, and so by Theorem 3.4, it is similar to a semigroup of contractions on a Hilbert space. From the definition of a generator, it follows that A is similar to the generator of this semigroup of Hilbert space contractions, which is maximal dissipative. & We can add to the list with the 6 equivalent statements from Theorem 3.4 and Remark 3.5 another one.
Corollary 3.7. Let fUðtÞg t40 be a C 0 -semigroup of bi-contractions on a Krein space K: The following statements are equivalent:
(1) fUðtÞg t40 is uniformly bounded.
(7) There is a Hilbert space H and a uniformly bounded C 0 -group f e U UðtÞg tAR of unitary operators on f K K ¼ K"H such that for each t40 e U UðtÞ is a unitary dilation of UðtÞ:
Proof. Assume (1). Then the generator A of the semigroup is a (closed densely defined and) maximal dissipative operator on K and satisfies (3.6). By Corollary 3.6, the generator A is similar to a maximal dissipative operator A 0 in a Hilbert space, hence their Cayley transforms T ¼ ðA þ IÞðA À IÞ À1 and T 0 ¼ ðA 0 þ IÞðA 0 À IÞ À1 are also similar. Since T 0 is a contraction, the bi-contraction T is power bounded. Hence T has a power-bounded unitary dilationT on a Krein space f K K such that H ¼ f K K~K is a Hilbert space, which is similar to a unitary operator in a Hilbert space. If e A A :¼ ðT þ IÞðT À IÞ À1 ; then i e A A is a self-adjoint operator f K K; similar to a self-adjoint operator in a Hilbert space, and consequently, e A A is the generator of a uniformly bounded C 0 -group f e U UðtÞg tAR of unitary operators on f K K: For each t40; e U UðtÞ is a unitary dilation of UðtÞ: If (7) holds then (1) follows from the equality UðtÞ ¼ P e U UðtÞj K ; where P is the projection in f K K onto K: &
The condition H
Following [AI] we shall say that a bounded operator T on a Krein space K belongs to the class H if ðHÞ 1 there exist a T-invariant maximal nonnegative subspace and a T-invariant maximal nonpositive subspace of K; and ðHÞ 2 every T-invariant maximal semi-definite subspace L admits a direct sum decomposition of the form (b) Let T be a bi-contraction on a Krein space K and let K ¼ K 1 "K 2 be an orthogonal decomposition of K in T-invariant Krein subspaces K j ; j ¼ 1; 2: If T belongs to the class H on K and the restriction Tj K 1 belongs to the class H on K 1 ; then the restriction Tj K 2 belongs to the class H on K 2 :
(c) Let T be a bi-contraction on a Krein space K and assume that
is an orthogonal decomposition of K into T-invariant Pontryagin or anti-Pontryagin subspaces P j ; j ¼ 1; 2; y; k; and a T-invariant Krein subspace c The proof uses that, since T is a bi-contraction and from class H; every T-invariant nonnegative subspace can be extended to a T-invariant maximal nonnegative subspace and every T-invariant nonpositive subspace L À such that TL À ¼ L À can be extended to a T-invariant maximal nonpositive subspace; see [AI, Corollary 3.5.3] 
The Hilbert space structures defined by these decompositions are compatible; below when we say that the angle operators are contractions, we consider the summands with their Hilbert space inner products. We write T j for the restrictions Tj K j and we denote by P j the projections in K: onto K j ; j ¼ 1; 2:
We show that K 2 contains a T 2 -invariant maximal nonnegative subspace. Let L 1þ be a T 1 -invariant (and hence T-invariant) maximal nonnegative subspace of K 1 (which exists on account of T 1 having property ðHÞ 1 ) and let S 1 be its angle operator, that is, S 1 : K 1þ -K 1À is a contraction and
Let L þ be a T-invariant maximal nonnegative subspace extension of L 1þ : Then its angle operator S : K þ -K À is an extension of S 1 ; and so
and L 2þ is maximal nonnegative as its angle operator P 2 Sj K 2þ : K 2þ -K 2À is an everywhere defined contraction. In the same way it can be shown that K 2 contains a T 2 -invariant maximal nonpositive subspace. Now one starts with a T 1 -invariant maximal nonpositive subspace L 1À of K 1 : Since T 1 is a bi-contraction we have that
; and so L 1À can be extended to T-invariant maximal nonpositive subspace of K; etc. Thus T 2 has property ðHÞ 1 : We now show that T 2 has property ðHÞ 2 : Assume L 2þ is a T 2 -invariant (and hence T-invariant) maximal nonnegative subspace of K 2 and let
and let M be the orthogonal complement in the Hilbert space sense (relative to some
and c L L 2þ 6M is a closed linear manifold. By the note after the definition of property ðHÞ 2 ; the subspace c L L 2þ 6M and hence the subspace c L L 2þ is uniformly positive. The remaining case concerning the decomposition of a T 2 -invariant maximal nonpositive subspace of K 2 can be proved similarly.
(c): Follows from (a) and by applying (b) k times. & A bounded operator T on a Krein space K will be called decomposable if there exist a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À of K which are invariant under T: Note that in this case K ¼ L þ 6L À (see [AI, Corollary 1.8.16]) , and relative to this decomposition T has the matrix representation: 
where L 7 is a maximal uniformly positive/negative subspace invariant under UðtÞ for all t40:
we denote the corresponding Hilbert space inner product by ðÁ; ÁÞ: Since L þ is maximal uniformly positive, it can be represented as
where the angle operator S : fK þ ; ðÁ; ÁÞg-fL À ; ðÁ; ÁÞg is a strict contraction: jjSjjo1: We define the operator X on K by
where a is a real number XjjðI À SS Ã Þ À1 jj 1=2 : We show that X has the properties mentioned in the proposition.
(i) X commutes with each UðtÞ: Since UðtÞL À CL À (in fact equality holds but we do not need this here), UðtÞ has the representation UðtÞ ¼ U 11 ðtÞ 0
From UðtÞL þ CL þ it follows that SU 11 ðtÞ ¼ U 12 ðtÞ þ U 22 ðtÞS:
This equality readily implies that UðtÞX ¼ XUðtÞ:
(iii) X is a bi-contraction: We have
which is a maximal uniformly negative subspace of K; X Ã and then also X is a bi-contraction. (iv) X belongs to class H: By (ii), X has property ðH 1 Þ: We show that X has property ðH 2 Þ also. First, let M þ be an X -invariant maximal nonnegative subspace.
Next, let M À be an X -invariant maximal nonpositive subspace with angle operator K; that is, K : fL À ; ðÁ; ÁÞg-fK þ ; ðÁ; ÁÞg is a contraction and
Then for all x À AL À ;
We analyze further the relation between a C 0 -semigroup and decomposable, bicontractions which belong to the class H; and prepare for a kind of converse of the above result. We denote by s 0 ðTÞ the set of all eigenvalues m of T for which the kernel ker ðT À mIÞ contains a (nonzero) neutral element. (ii) s 0 ðTÞ is empty or at most a finite set, s 0 ðTÞ ¼ fm 1 ; m 2 ; y; m k g; say, for some kAN;
(iii) for each j ¼ 1; 2; y; k; kerðT À m j IÞ is either a Pontryagin or an antiPontryagin subspace of K; and (iv) K can be decomposed as
where the subspaces L þ and L À are the unique T-invariant maximal uniformly positive and T-invariant maximal uniformly negative subspaces of K~P:
Proof. (a): It follows from decomposition (4.2) that
The first summand is uniformly positive and the second is uniformly negative. From [IS] it follows that their sum is a regular subspace. (b): In the notation of representation (4.2) of T and part (a), if x ¼ x þ þ x À with x 7 AL 7 is a nonzero neutral eigenvector corresponding to mAs 0 ðTÞ; then x 7 a0 and T 7 x 7 ¼ mx 7 : The operator T þ is a contraction in a Hilbert space, hence jmjp1: On other hand, T À is an expansive operator on a Hilbert space, hence jmjX1: This implies (b).
(c): To prove the four items we recall the following. Since T is a contraction, the inner product ½ðI À T Ã TÞÁ; Á is nonnegative on K; which means that the Cauchy inequality holds for this inner product. Hence for xA kerðT À mIÞ; mAs p ðTÞ-T; and any yAK we have
Here we used that jmj ¼ 1: It follows that Then TNCN; and by (i) and (4.5), N is a neutral subspace of K: Since T is from class H and on account of [AI, Corollary 3.5 .5], we have that the subspace N is finite-dimensional. Hence s 0 ðTÞ is the empty or a finite set.
(iii) By (a) kerðT À mIÞ is a regular subspace. Again as T is from class H and by [AI, Corollary 3.5.5] , any maximal neutral subspace of kerðT À mIÞ is finite dimensional. This implies (iii).
(iv) According to (4.4), P is invariant under T Ã ; which implies that c (a) Let T be a decomposable bi-contraction on K belonging to the class H such that UðtÞT ¼ TUðtÞ for all t40: Then the subspaces in decomposition (4.3) described in Lemma 4.3(c) are invariant under UðtÞ for all t40:
(b) Assume, in particular, that for some t 0 ; Uðt 0 Þ belongs to the class H; then (a) holds for T ¼ Uðt 0 Þ and moreover, each of the semigroups fUðtÞj P j g t40 ; P j ¼ kerðUðt 0 Þ À m j IÞ can be extended to a uniformly bounded C 0 -group of unitary operators on P j ; j ¼ 1; 2; y; k; and fUðtÞj L À g t40 can be extended to a uniformly bounded C 0 -group on L À : Remark 4.5. (i) In case of part (b), it follows that the semigroup fUðtÞg t40 is similar to a semigroup of contractions in a Hilbert space. This was already proved in Theorem 3.4, but for this special case we have obtained a proof which does not make use of the results from Section 2.
(ii) The existence of an operator T satisfying the hypotheses of part (a) follows from Proposition 4.2. Hence a decomposition of K into canonical parts as in Lemma 4.3(c) which are UðtÞ-invariant for all t40 always exists.
(iii) Part (b) and Proposition 4.1(a) imply that every uniformly bounded C 0 -semigroup fUðtÞg t40 of bi-contractions on a Pontryagin or anti-Pontryagin space K give rise to a decomposition of K into canonical parts of the type described in (ii).
Proof of Theorem 4.4. (a): Since the restriction Tj P j is the operator of multiplication by m j and T Ã jP j the operator of multiplication by m Ã j and UðtÞ commutes with T; the space P j is invariant under UðtÞ and UðtÞ Ã ; j ¼ 1; 2; y; k and all t40: It follows that K~P is also invariant under UðtÞ (and UðtÞ Ã ) for all t40: (b): Since Uðt 0 Þ is a power bounded bi-contraction, it is decomposable. Hence (a) with T ¼ Uðt 0 Þ can be applied. The statement concerning fUðtÞj P j g t40 follows from Proposition 3.3 as Uðt 0 Þj P j is the unitary operator of multiplication by m j : The proof of the statement about fUðtÞj L À g t40 is the same as in the proof of implication (2) or equivalently, lim n-N jjUðnÞxjj ¼ 0: The equivalence can be seen as follows: Evidently, the first limit implies the second. For the converse implication write t ¼ ½t þ ftg; where ½t is the integer part of t and ftg ¼ t À ½tA½0; 1Þ: Then the second limit implies jjUðtÞxjj ¼ jjUðftgÞUð½tÞxjjp sup
Theorem 5.1. Let fUðtÞg t40 a be a uniformly bounded C 0 -semigroup of bicontractions on a Krein space K and denote its generator by A. If sðAÞ-iR is a countable set, then K admits the orthogonal decomposition K ¼ K s "K u ; in which (i) K s is a UðtÞ-invariant Hilbert subspace on which fUðtÞj K s g t40 is a stable C 0 -semigroup of contractions, and
(ii) K u is a UðtÞ-invariant Krein subspace on which fUðtÞj K u g t40 is a uniformly bounded C 0 -semigroup of unitary operators and can be extended to a uniformly bounded C 0 -group of unitary operators.
This theorem, like Theorem 4.4(b), implies without recourse to results from Section 2 but with the help of the generalization to groups of a theorem of Sz.-Nagy as in [DK, Chapter I, Theorems 6.2 and 6:2 0 ] , that fUðtÞg t40 is similar to a C 0 -semigroup of contractions on a Hilbert space.
Proof of Theorem 5.1. The direct sum decomposition of K originates from [AB] where semigroups are studied in the setting of normed spaces. [AB, Corollary 2.6] applied to the present situation implies that
ð5:1Þ
where 
K K s with x s AK s ; and x þ AL þ and every nAN we have
Since x s belongs to K s ; both summands at the end tend to 0 as n-N: Hence f K K s ; is a nonnegative linear manifold which contains the maximal uniformly positive subspace L þ and therefore f K K s is closed and the two subspaces coincide (see, for example, [AI, Excercise 1.5.4] 
If A 0 is the generator of fV ðtÞg tAR then iA 0 is a self-adjoint operator on H and it follows that for Im la0 and n ¼ 1; 2; y;
From this and A ¼ S À1 A 0 S it follows that for all Re l40 and n ¼ 1; 2; y;
Combining these estimates of the resolvent of A s and of the resolvent of A u we obtain the same estimates but with constant maxfM s ; M u g for the resolvent of A: This implies that in the space K considered as a Hilbert space A is also the generator of a semigroup of contractions.
If the semigroup has a strong limit when t-N we get a particularly simple decomposition of the Krein space in terms of invariant subspaces.
Theorem 5.3. Let fUðtÞg t40 be a uniformly bounded semigroup of bi-contractions on the Krein space K: Assume the strong limit lim t-N UðtÞx exists for every xAK: Then H can be decomposed in the direct sum of a maximal uniformly positive subspace L þ and a maximal uniformly negative subspace L À invariant under all UðtÞ and UðtÞj L À ¼ I:
Proof. The operator B defined by the strong limit 
Hence x À ¼ 0 and ker BCL þ is a uniformly positive subspace.
(b): Choose xAL þ and write
Hence Bx ¼ x and so for all t40;
We consider the following problem: Is the co-generator of a uniformly bounded C 0 -semigroup of bounded operators on a Hilbert space power bounded? The answer is positive when the generator A is bounded or when the inverse A À1 also is a generator of a uniformly bounded C 0 -semigroup on a Hilbert space. See Theorems 6.1 and 6.2. Our proofs make ample use of results of Gomilko [G1,G2] . Besides these results, the problem is still open.
Theorem 6.1. If the generator A of a uniformly bounded C 0 -semigroup on a Hilbert space is bounded, then the co-generator T :¼ ðA þ IÞðA À IÞ À1 is power bounded.
Proof. Assume that fUðtÞg t40 is a uniformly bounded C 0 -semigroup on a Hilbert space fH; ðÁ; ÁÞg whose generator A is a bounded operator. Gomilko in [G2] showed that the co-generator T satisfies the inequality 2pjðT n x; yÞjp r nþ2 n þ 1 The claim now follows from the uniform boundedness principle.
To show that the numbers L x;y in (6.2) are finite if A is bounded, we use another result from Gomilko [G1] : Since A is the generator of a uniformly bounded ðC 0 Þ-semigroup, it holds that x; u ! ; x; uAH and C r is the circle jlj ¼ r: We consider two cases.
(1) 0or 0 pro1: For rAð0; 1Þ; we take a ¼ we have Combining the last equalities in (1) and (2) we obtain that for all x; yAH and which we had set out to prove. &
The following result was obtained, independently of our work, by Gomilko who gave a different proof. Proof. We use the same notation as in and continue the proof of the previous theorem. By the uniform bounded principle, the last inequality in that proof implies that for some constant K40 and for all xAH and all yA dom A Ã2 with u ¼ ðA Ã À IÞ 2 y L x;y pKjjxjj jjujj:
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